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, $I$ $\omega(I)$ $I\mapsto\omega(I)$
. , [2, 4, 24]





quadratic non-twist [5, 6, 10, 11, 17, 19] ,
, .
2Quadratic non-twist map







, $\nu\in \mathrm{R}$ $f$ , $K\in \mathrm{R}$
. , $f$




. $f(p)=a_{2}p^{2}+a_{1}p+a_{0}$ ($a_{2},$ $a_{1},$ $a_{0}$ ) ,
.
$-\mathrm{s}\mathrm{g}\mathrm{n}(a_{2})x\mapsto x$ , $\sqrt{|a_{2}|}(p+\frac{a_{1}}{2a_{2}})\mapsto p$ , (4)
-S (a2) $\sqrt{|a_{2}|}K\mapsto K$, -s (a2) $(a_{0}- \frac{a_{1}^{2}}{4a_{2}})\mapsto 2\pi\nu$ , (5)
, (2) .
, $\mathrm{Q}\mathrm{N}$ $(p, K)arrow(-p, -K),$ $(x, \nu)arrow(x-2\pi, \nu+1)$ .
, .
$0\leq K\leq\infty$ , $-0.5\leq\nu<0.5$ (6)
$\mathrm{p}$
$\mathrm{x}$
1: $(\mathrm{a})-(\mathrm{c}):\nu=0.05$ $K$ , 1
; (a) $K=0.05,$ $(\mathrm{b})K=0.1173906615$ , (c) $K=0.2$ . $(\mathrm{d})-(\mathrm{f})$ : $\nu=-0.49$ $K$




$\mathrm{Q}\mathrm{N}$ . , $\mathrm{Q}\mathrm{N}$ }$\backslash -$ , $x$
. }$\backslash -$ $p\equiv p_{0}$ , $f(p\mathrm{o})$ $2\pi$ .
, $p=0$ , .
}$\backslash -$ . $|\backslash -$ [5]. (3) $p=K\sin(x)$
, $K=0$ .
. }$\backslash -$ , . ,
}$\backslash -$ (island chains) ($\mathrm{P}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{a}\mathrm{r}’\triangleright$Birkhoff ),
, . }$\backslash -$ ( $1(\mathrm{a})(\mathrm{d})$
). , [22].
, , . $1(\mathrm{a})-(\mathrm{c})$
$(\mathrm{d})-(\mathrm{f})$ , $\nu$ , $K$ .
( ) [10]. $\mathrm{Q}\mathrm{N}$ ,
$1(\mathrm{e})$ . , $1(\mathrm{b})$
, , $x$ .
3 $\mathrm{Q}\mathrm{N}$ indicator points
$\mathrm{Q}\mathrm{N}$ , , $\text{ }-$
.
, $\text{ }-$ , , $\text{ }-$
, indicator points [19]. , $\mathrm{Q}\mathrm{N}$
, indicator points .
3.1 $\mathrm{Q}\mathrm{N}$
$\mathrm{Q}\mathrm{N}$ .
(a) $T$ (involution) . , $M_{1}^{2}=M_{2}^{2}=1$





$\ovalbox{\tt\small REJECT}$ : $\{$
$x’=-x+2\pi\nu-p^{2}$ . m $2\pi$
$p’=p$
(8)
(b) $T$ $S$ . i.e., $TS=ST$.
$S:\{$





$\mathrm{Q}\mathrm{N}$ . }$\backslash -$ .
$S,$ $M_{1},$ $M_{2}$ .
. . }$\backslash -$ $\mathrm{I}_{\epsilon}$ , $TS=ST$ ,
}$\backslash -$ $S\mathrm{I}_{s}$ $\mathrm{I}_{s}$ . . }$\backslash -$
, $S\mathrm{I}_{s}=\mathrm{I}_{S}$ . , 1 $S$
. , $T$ }$\backslash -$ I $M_{1}$ $M_{2}$
. }$\backslash -$ I $p$ $x0=(0,p\mathrm{o})$ ,
$\mathrm{I}=\bigcup_{n=-\infty}^{\infty}T^{n}x0$ . $M_{1}$ (7) , $M_{1}x0=x0$ ,
$M_{1} \mathrm{I}=\bigcup_{n=-\infty}^{\infty}M_{1}T^{n}x_{0}=\bigcup_{n=-\infty}^{\infty}T^{-n}M_{1}x_{0}=\bigcup_{n=-\infty}^{\infty}T^{-n}x_{0}=\mathrm{I}$ (10)
. , $T$ I $M_{1}$ . , $T\mathrm{I}=\mathrm{I}$ $M_{1}\mathrm{I}=M_{2}\mathrm{I}$




$x_{1}^{(\pm)}=$ ($x_{1}^{(\pm)}$ , p(l\pm ))=( $\frac{\pi}{2’}\pm\frac{K}{2})$ , (11}
$x_{2}^{(\pm)}=(x_{2}^{(\pm)}, p_{2}^{(\pm)})=( \pi(\nu\pm\frac{1}{2}),$ $0)$ . (12)
, $x_{1}^{(\pm)}$ . }$\backslash -$ . $l\pm$ #
$\mathrm{g}\text{ }$ .
$l_{\pm}= \{(x, p)|x=\pm\frac{\pi}{2}\}$ , (13
.
$M_{1}l\pm=Sl_{\pm}=l_{\mp}$ , (14)
. }$\backslash -$ $l_{+}$ , $2s-1$ $(s\in \mathrm{N})$
$c_{j}=(, \frac{\pi}{2},$ $P_{j})$ , $j=1,$ $\cdots,$ $2s-1$ (15)
. , $P_{1}>P_{2}>\cdots>P_{2s-1}$ . . }$\backslash -$ , $M_{1}$
g $S$ , $M_{1}l_{+}=l_{-}$ , $c_{j}$ $M_{1}$ $S$ [ ,
$l_{-}$ .




. , $<\ovalbox{\tt\small REJECT} s_{9}$ , (14) $\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}$ . $<$ $P$ ’
, $S$ (9) $q’\ovalbox{\tt\small REJECT}$ ,
$P_{1}’<P_{2}’<\cdots<P_{2\epsilon-1}’$ (17)
. $l_{-}$ . $|\backslash -$ , $\mathrm{v}jd_{j}=\cup jd_{j}’$ ,
(16)(17) , $d_{\delta}=c_{s}’’$ . , $c_{\epsilon}$
.
$M_{1}c_{\delta}=Sc_{\epsilon}$ (18)
, $\text{ }-$ $l_{\pm}$ ( (11)) .
, $x_{2}^{(\pm)}$ . $\mathrm{t}\backslash -$ . $T$ $x$ $[-\pi, \pi)$
[$\pi(\nu-1),$ $\pi(\nu+1))$ (19)
$T’$ , $m\pm$ .
$m_{+}=\{(x,p)|x\in[\pi\nu,$ $\pi(\nu+1)),$ $p=0\}$ (20)
$m_{-}=\{(x,p)|x\in[\pi(\nu-1),$ $\pi\nu),$ $p=0\}$ (21)
$\ovalbox{\tt\small REJECT}$ $S$ , (19) $.-$. , $M_{2}’$ , $S’$ ,
$\ovalbox{\tt\small REJECT} m\mp=S’m\pm=m\pm$ (22)
.
$m_{-}$
$\ovalbox{\tt\small REJECT}=(X_{j},0)$, $j=1,$ $\cdots,$ $2s-1,$ $s\in \mathrm{N}$ (23)
. , $X_{1}>X_{2}>\cdots>X_{2s-1}$ . $\text{ }-$ , $\ovalbox{\tt\small REJECT}$
$S’$ , $M_{2}’m_{-}=m_{+}$ , $d_{j}$ $M_{2}’$ $S’$
$\}^{\sim}$. , $\text{ }-$ m\sim . , $d_{j}=M_{2}’dj$ ,
$d_{j}’=(X_{j}’, 0)$ , $M_{2}$ $X_{j}’=-X_{j}+2\pi\nu$ . ,
$X_{1}’<X_{2}’\leq\cdots<X_{2\epsilon-1}’$ . (24)
, $d_{j}’=S’d_{j}$ , $d_{j}’=(X_{j}’’,0)$ , $S$ $X_{j}’’=X_{j}+\pi$ .
,
$X_{1}’’>X_{2}’’>\cdots>X_{2\epsilon-1}’’$ (25)
. (24)(25) , , $d_{\epsilon}’=d_{l}’$ ,
$M_{2}d_{l}=Sd_{l}$ (26)
. , . $\text{ }-$ $x$ ( (12)) .
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$\mathrm{x}$
2: $1/\gamma$ . }$\backslash -$ $(\nu, K)=$ (-0.313951, 154156) .
(11)(12) 4 $x_{1}^{(+)},$ $x_{1}^{(-)},$ $x_{2}^{(+)},$ $x_{2}^{(-)}$ $\mathrm{Q}\mathrm{N}$ indicator points(IP)
. $1/\gamma=(\sqrt{5}-1)/2$ . }$\backslash -$ $\text{ }-$




$\mathrm{I}\mathrm{P}$ , . $S^{(\pm)}oe_{j}=x_{j}^{(\mp)}$
, $x_{j}^{(+)}$ $x_{j}^{(-)}$ . , $x_{j}^{(+)}$ x(-
$\mathcal{R}_{j}$ . Le.,
$\mathcal{R}_{j}(\nu, K)=\lim_{Narrow\infty}\frac{1}{2\pi N}(\pi_{x}(\hat{T}^{N}\hat{x}_{j}^{()}’)$ $-\pi_{x}(\hat{x}_{j}^{(\epsilon)}))$ . $s=+\mathrm{o}\mathrm{r}-$ $\cdot(27)$
, $\hat{T}$ , $\hat{x}$ $T$ , $x\in \mathrm{T}\cross \mathrm{R}$ $\mathrm{R}^{2}$ . , $\pi_{x}(\hat{x})$
$\hat{x}=(x,p)\in \mathrm{R}^{2}$ $x$ . $x_{j}^{(\pm)}$ $\alpha$ ’ $S$
0 $(\alpha)\text{ }\langle$ . $\mathrm{i}.\mathrm{e}.$ ,
,( ) $+K)$ $|\mathcal{R}_{j}(\nu, K)=\alpha\}$ . $j=1,2$ (28
$t$
$1/\gamma$ . } $-$ (\mbox{\boldmath $\nu$} ’ $K_{\epsilon}$ ) $=(-0.313951,1.54156)$ , del-CastillO-
Negrete ( [5], 4 ).
111
$K=0$ $\mathrm{I}\mathrm{P}$ $\nu$ ,
$(\alpha, 0)\in P_{j}(\alpha)$ , $j=1,2$ (29)
.
$(\nu_{0}, K_{0})$ $\alpha$ ($\alpha$ ) . }$\backslash -$ ,
. }$\backslash -$ , $\mathcal{R}_{1}(\nu_{0}, K_{0})=\mathcal{R}_{2}(\nu_{0}, K_{0})$ .
, $\alpha$ $\text{ }-$ , $P_{1}(\alpha)$ $P_{2}(\alpha)$
. , , .
, $\alpha$ , $P_{1}(\alpha)$ $P_{2}(\alpha)$ ( 43 ).
4.2 Indicator points $\mathcal{R}_{j}$
$\mathrm{D}\mathrm{e}\mathrm{l}- \mathrm{C}\mathrm{a}s\mathrm{t}\mathrm{i}\mathrm{U}\mathrm{e}\succ \mathrm{N}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{e}$ , $\mathrm{I}\mathrm{P}$ $1/\gamma=(\sqrt{5}-1)/2$
$(1/\gamma)$ , $(\nu, K)=(1/\gamma, 0)$ [5]. ,
$\mathrm{Q}\mathrm{N}$ , Groene [8]




4.3 Indicator points $\mathcal{R}_{j}$
, $\mathrm{r}\mathrm{P}$ $\alpha$ , $\mathrm{I}\mathrm{P}$
. $K=0$ , $\mathrm{I}\mathrm{P}$ $\alpha$ $\text{ }-$ $(p\equiv 0)$ ,
( ) $K>0$ . , $K>0$
$(\alpha)$ . $\alpha$
, $(\alpha)$ . $3(\mathrm{a})(\mathrm{b})$ , $\mathcal{R}_{1}=1/2$ ,
$\mathcal{R}_{1}=1/3$ . $3(\mathrm{a})$ $x_{1}^{(\pm)}$ , $x_{2}^{(\pm)}$
. , $3(\mathrm{b})$ , $x_{1}^{(\pm)},$ $x_{2}^{(\pm)}$ .
3: $(\mathrm{a})\nu=-0.4900528,$ $K=0.5$ , (b) $\nu=$ -0.3124513, $K=0.7$.
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2
. , , .
, $X_{1}(\pm),$ $X_{2}(\pm)$
, 1 . , ’ $S$





. , $\mathrm{I}\mathrm{P}$ (a) , (b)
. , $\mathrm{R}^{2}$
. $x_{1}^{(\pm)},$ $x_{2}^{(\pm)}$ $\mathrm{R}^{2}$ .
.
$\hat{x}_{1}^{(r)}=(x_{1}^{(r)},p_{1}^{(r)})=(\frac{\pi}{2}(2r-1),$ $(-1)^{r+1} \frac{K}{2})$ , (30)
$\hat{x}_{2}^{(r)}=(x_{2}^{(r)},p_{2}^{(r)})=(\pi\nu+\frac{\pi}{2}(2r-1),$ $0)$ . (31)
$r\in \mathrm{Z}$ . , $\mathrm{T}\cross \mathrm{R}$ $F$ $\mathrm{R}^{2}$ $\hat{F}$ .
$x_{j}^{(\pm)}(j=1,2)$ (18) (26) , $\hat{x}_{j}^{(r)}$ .
$\hat{M}_{jj}.(r)=R^{r}\hat{S}\hat{x}_{j}^{(r)}$ , $\dot{g}=1,2$ (32)
, $R(x, p)=(x-2\pi, p)$ .
(a) $\mathrm{I}\mathrm{P}$
$x_{j}^{(\pm)}$ $P/Q$ ($Q$ )
$R^{P}\hat{T}^{Q}\hat{x}_{j}^{(\mathit{0}}=\hat{x}_{j}^{(r)}$ , $j=1,2$ (33)
. , $\nu$ $K$ , $(P/Q)$ . 8




4: Indicator points .
,
$\xi$($\nu$, K)=1+2\subset \supset (2\pi \mbox{\boldmath $\nu$}-AK2), (34)
$\eta(\nu, K)=1+\frac{\infty \mathrm{s}(3\pi\nu-K^{2}\infty \mathrm{s}^{2}(\pi\nu))}{\infty \mathrm{s}(\pi\nu)}$ , (35)
. 4 2 . 2 4 , $\mathrm{I}\mathrm{P}$
, $P_{1}$ $P_{2}$ . $P_{1}$ $P_{2}$
$P,$ $Q$ .
(b) $\mathrm{I}\mathrm{P}$
$3(\mathrm{b})$ $oe_{j}^{\mathrm{t}\pm)}$ $P/Q$ ($Q$ ) ,
$\mathcal{R}_{j}=P/Q$ . , $\mathrm{I}\mathrm{P}$
, ( ) ,
T ( ) .
, (
5 ), .
$\mathcal{R}_{1}(\nu, K)=P/Q$ $\mathcal{R}_{2}(\nu, K)=P/Q$ . $6(\mathrm{a})(\mathrm{b})\mathrm{F}_{\vee}^{\sim}$ , 1
,
114
. $K$ $\nu$ ,
$x_{2}^{(\pm)}$ $\mathcal{R}_{2}=P/Q$ ( 6(a)),
$x_{1}^{(\pm)}$ $\mathcal{R}_{1}=P/Q$ ( $6(\mathrm{b})$ ).
$\mathrm{I}\mathrm{P}$ ,
. $x_{1}^{(\pm)}$ $P/Q$ ($Q$ )
, $P_{1}(P/Q)$ , $Q\leq 9$
7 \S . $K$
, . 7 ,






6: $K=0.4,$ $(\mathrm{a})\nu=0.113217295446379$ , (b) $\nu=0.113221565539798$ . $\mathrm{O}$ , $\blacksquare$ ,
$x_{1}^{(\pm)},$ $x_{2}^{(\pm)}$ .
$\S p_{1}(P/Q)$ $\mathcal{P}_{2}(P/Q)$ . , 6
, $\nu$ $K=0.4$ $O(10^{-6})$ .
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$\mathrm{K}$




(robust) . , , $\mathrm{I}\mathrm{P}$
}$\backslash -$ , ( 8 ). , $\mathrm{I}\mathrm{P}$
$p$ , }$\backslash -$
.
9 , ($\nu-K$ ) ( (6)) , $\mathrm{I}\mathrm{P}$
. , $\mathrm{I}\mathrm{P}$ ,
( ) . , $\mathrm{I}\mathrm{P}$ $T$ $10^{5}$ , $p$
$.\text{ }\backslash$ 2 . $\mathrm{I}\mathrm{P}$ ,
:(i) . }$\backslash -$ , $\mathrm{I}\mathrm{P}$ ;(ii)
. }
$\backslash .-$ , } $-$ . ,
$\mathrm{I}\mathrm{P}$ g , }$\backslash -$ . , $\mathrm{I}\mathrm{P}\mathcal{O}$)
, }$\backslash -$ . , 9
, }$\backslash -$ . 42 del-CastiU\sim Negrete
, .
$\text{ }-$ , 4 $P_{j}(P/Q)$ 10 11
. , }$\backslash -$ , $P_{j}(\alpha)$
. , $\mathrm{I}\mathrm{P}$ $\mathcal{R}_{j}(\nu, K)$
116
, . Del-CastillO-Negrete [ ,
$\mathcal{R}_{j}(\nu, K)=1/\gamma$ , $\mathrm{a}$’
}$\backslash -$ , $1/\gamma$ . , $\alpha$
$\sqrt{2}-1$ $e/10$ , $\mathcal{R}_{j}(\nu, K)=\alpha$ $\grave{\prime)}\iota_{\sim^{y\backslash ^{\mathrm{O}}}}^{\sim}$
}$\backslash -$ , . }$\backslash -$
. 12 . $\sqrt{2}-1$ ,
2 , sflver mean [14].
( 1 ) $\mathrm{A}\mathrm{a}$ . , $e/10$
, .
, $\mathcal{R}j(\nu, K)=\alpha$ , .
$\mathrm{t}\backslash -$
$\text{ }-$ , $\alpha$
.
6
, $\mathrm{Q}\mathrm{N}$ indicator points
, ,
. , indicator points , $1\backslash ^{l}$
, ,
.
$\mathrm{Q}\mathrm{N}$ , . }$\backslash -$ }$\backslash -$ robust
. robustness , $\mathrm{Q}\mathrm{N}$
( (9)) $[1, 11]$ ,
. robustness
.
8: $\nu=0.304348$ , $K=1.\mathrm{O}$ .
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$\mathrm{v}$
9: }$\backslash -$ . $\grave{\grave{\mathrm{a}}}$ golden mean, silver








12: . (a) $\nu=0.4467103385,$ $K=1.404^{\cdot}16$ ;
$\sqrt{2}-1$ (silver mean), (b) $\nu=0.3177917,$ $K=1.1835$ ; .
$e/10$ .
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